We study Melnikov conditions predicting appearance of chaos in Duffing oscillator with hardening type of non-linearity under two-frequency excitation acting in the vicinity of the principal resonance. Since Hamiltonian part of the system contains no saddle points, Melnikov method cannot be applied directly. After separating the external force into two parts, we use a perturbation analysis that allows recasting the original system to the form suitable for Melnikov analysis. At the initial step, we perform averaging at one of the frequencies of the external force. The averaged equations are then analyzed by traditional Melnikov approach, considering the second frequency component of the external force and the dissipation term as perturbations. The numerical study of the conditions for homoclinic bifurcation found by Melnikov theory is performed by varying the control parameters of amplitudes and frequencies of the harmonic components of the external force. The predictions from Melnikov theory have been further verified numerically by integrating the governing differential equations and finding areas of chaotic behavior. Mismatch between the results of theoretical analysis and numerical experiment is discussed.
Introduction
Melnikov method, the original idea of which can be found in Melnikov [1] , enables one to predict conditions of chaos by detecting the occurrence of global homoclinic bifurcation. Since the method is convenient to examine conditions of chaos in various dynamical systems, it has been often applied as the principal analytic tool [1] [2] [3] [4] [5] [6] [7] . In a typical setting [7] , the analyzed system should possess a homoclinic (or heteroclinic) loop in the Hamiltonian part that allows studying the conditions for its intersection under the action of perturbation. If the system does not possess homoclinic trajectories in the unperturbed system, the conditions for chaos still can be studied in some CHAOTIC MODELING & SIMULATION -Papers from CHAOS 2010 International Conference http://www.cmsim.net/sitebuildercontent/sitebuilderfiles/conf_papers.html cases by introducing a suitable coordinate transform, recasting the system to the form where Melnikov method becomes applicable. For example, in paper [2] , the authors used the method of averaging prior to Melnikov analysis to obtain conditions for the onset of chaos in Duffing oscillator excited with a quasiperiodic external force. In [2] , relation of Melnikov function to several attractors coexisting in the phase space was also addressed. Paper [3] studied a similar system subject to a combined action of a parametric and external resonances. In paper [4] the research has been focused on Duffing oscillator with external force, where Melnikov method and second-order averaging have been used to establish the conditions for homoclinic bifurcations near center-type points related to saddle-node bifurcations of subharmonics. In other works different coordinate transforms have been used for applying Melnikov method to the analysis of rotation in the ship model [5] and to Lorenz-type system (Lorenz-Robbins equation) [6] .
However, it should be noted that in many works where Melnikov method was applied to the study of particular systems, the analysis usually ends up with a formula that establishes a border in the space of controls where one can expect homoclinic bifurcation to occur. Further analysis of chaos appearance conditions that would allow establishing links between physical properties of the system, homoclinic bifurcations, and chaos, has not been performed so far. It also remains unclear how well the criterion works for actual prediction of chaotic areas, since Melnikov condition cannot be considered neither necessary nor sufficient one for the existence of chaotic attractors in the phase space.
In this paper we study the properties of Melnikov condition in a quasiperiodically forced Duffing oscillator [2] . In particular, we are interested in the dependence of chaos threshold on amplitudes and frequencies of external forces and possible errors that utilization of a two-step perturbation technique can introduce. We also study interrelation between the well-known phenomenon of nonlinear resonance and Melnikov condition for chaos in this system.
Application of Melnikov method when unperturbed system does not contain separatrix

Duffing oscillator under two-frequency excitation
Quasiperiodically forced damped oscillator is one of the basic models in nonlinear physics. In the case of cubic nonlinearity it has the form of Duffing oscillator
1) The basic properties of the solutions of system (2.1) are ・ quasiperiodic behavior and its bifurcations ・ if >0, the nonlinearity is of "hard" type, and the potential of its Melnikov method can be directly applied to the soft system, since it contains two heteroclinic trajectories connecting the saddle points (cf. Fig.1a ). The case of hard nonlinearity defies analytical treatment, the corresponding phase portrait containing only one fixed point of center type. In the next section, we apply averaging method for recasting system (2.1) at 0   to the form suitable for Melnikov analysis
Averaged equations
We consider here the case of the primary resonance, i.e. 
parameters defining the frequency detuning 
, and "slow" time t    , averaged equations at the reference frequency 1  are
If to put 0 2  P , we can find the equation for the frequency response curve Fig.3 . From now on, we shall refer to the two loops as to "small" and "large", respectively.  within the area of multistability, i.e. where the curve shown in Fig.2 has three values at a single  -value. This ensures the existence of saddle point in both the unperturbed Hamiltonian system that is preserved after introducing dissipation. Second, the parameters  and 2 P should be considered small in order to validate the perturbation scheme used in Melnikov analysis.
In the case the parameter 2 P is not small compared to 1 P , it is still possible to apply Melnikov method after the change of variables in Eq. (2.3) ; ; P P     , we demonstrate below that Melnikov method is not invariant with respect to transformation (2.5), (2.6), i.e., depending on the choice of averaging frequency, it produces different predictions for the homoclinic bifurcation threshold.
Melnikov criterion
Melnikov analysis for the system (2.3) can be found in Ref. [2] . Here we reproduce some of its main results, with some corrections of the errors found in [2] . Introducing the parameters
where the upper sign corresponds to the small loop and the lower one -to the large loop, s u stands for the u-coordinate of the saddle point found from Formula (2.9) thus represents the final result of applying Melnikov method to the system (2.3) and establishes a location of homoclinic bifurcation lines in the space of control parameters.
Properties of Melnikov criterion
Homoclinic bifurcation condition
We are now in a position of performing numerical analysis of Eq. (2.9) with the purpose of elucidating the general regularities in the positions of chaotic areas in the space of control parameters of system (2.3). In the following, we mainly focus the analysis on amplitudes and frequencies of the external force.
As a first step, we fix all the parameters except 2 2 P the homoclinic structures should exist in the phase space. In Fig.4, we plot Our calculations show that, depending on  , from one to four lines of homoclinic bifurcations can appear in the diagram, corresponding to small and large homoclinic loops, positive or negative values of the parameter  . This means that bifurcation conditions for the two loops differ and depend on the position of the two components of external force on the frequency axis. We note also that bifurcation conditions for the both loops are not symmetric with respect to sign of the frequency, being lower for one sign than for the other, and possess certain "anti-symmetry" property with respect to the small and large loops. In Fig.5 we plot the result of analyzing the homoclinic bifurcation conditions under the change in the parameters  and  at different levels of the parameter 2 P . The closed loops delimit the areas where homoclinic structures exist in the phase space according to Melnikov criterion. The grey line indicates the position of origin in the  -axis, i.e. it is defined by the equation 0   . The asymmetry with respect to the sign of the parameter  is evident for both the small (Fig. 5a ) and large (Fig. 5b) loops. In particular, the areas where homoclinic structures associated with the small loop exist are much larger at 0   , whereas homoclinic bifurcation of the big loop is absent at all for 0   at the shown levels of 2 P . This can be interpreted in terms of Fig. 2a as a result of higher system response to resonance excitation at 0   , since the response amplitude is larger at those frequencies.
Melnikov criterion and averaging
The red curves in Fig.4 are calculated under the assumption that averaging had been performed at the frequency 1  . This choice of averaging frequency imposes a limitation on the parameters  and 2 P , i.e. they should be small. If the value of one or both of those parameters increases, the estimate of homoclinic bifurcation condition provided by Melnikov method becomes incorrect. Approximate conditions of the validity of Melnikov criterion can thus be approximately established as On the other hand, considering the averaging at the frequency 2  we can obtain Melnikov threshold in the areas, where 1 2 P P  (green lines in Fig.4) . In this case, it is also necessary to take into account the necessity of existence of saddle point in the unperturbed system. Saddle points are born in this system via saddle-node bifurcations denoted as blue lines in Fig.4 . The locations of bifurcation lines have been calculated from Eq. (2.4) .
Finally, we compare the predictions of Melnikov criterion to actual positions of chaotic areas in the plane of control parameters shown in Fig.4 . For this purpose, we performed numerical integration of the system (2.3), marking the positions where we observed chaotic attractors by black dots and crosses. The general conclusion from this analysis is that Melnikov method provides a very approximate criterion for the existence of chaos in this system, since the mismatch between the predicted values and actual locations is not small. However, combining the predictions with the analysis of fixed points in the unperturbed system and performing averaging at different frequencies can substantially improve the precision of Melnikov criterion. Indeed, the combination of the areas between green lines in Fig.4b (averaging at 2  ), between blue lines (existence of saddle point) and above the line 0   (the condition 1 2 P P  ) provides much better approximation to the chaotic area that simple utilization of the formula (2.9) (areas above red lines in Fig. 4 ).
Conclusions
Contrary to previous works that were not focused on the analysis of implications of the formulas obtained with Melnikov method, we perform an extensive study of the homoclinic bifurcation conditions in quasiperiodically forced Duffing oscillator under the variation of control parameters. The results of our analysis reveal that  there is an asymmetry in the bifurcation conditions with respect to frequency detuning between the excitation frequencies;  the prediction of Melnikov theory depends on the averaging procedure;  there are two types of chaotic motions in the system caused by the presence of double homoclinic loop in the Hamiltonian part of the averaged system. The Melnikov conditions for the two loops are different and dependent on the sign of frequency detuning between the external force frequencies. Finally, we verify our predictions with the results of numerical integration of the averaged equations and propose ways of improving the predictions made by Melnikov method in combination with averaging. We believe that similar approach can be also used in the analysis of other nonlinear oscillators under multi-frequency excitation.
